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Abstract 


We study power law inflation in the context of non-minimally coupled to the scalar curvature. We 
analyze the inflationary solutions under an exact analysis and also in the slow roll approximation. 
In both solutions, we consider the recent data from Planck and BICEP2 data to constraint the 
parameter in our model. We find that the slow roll approximation is disfavored in the presence of 
non-minimal couplings during the power law expansion of the Universe. 
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I. INTRODUCTION 


It is well known that the inflationary scenario has been an important contribution to 
the modern cosmology, it wasparticularly successful to explain cosmological puzzles such as 
the horizon, flatness etc. l|, 2], As well, the inflationary phase of the Universe provides an 
elegant mechanism to elucidate the large-scale structured], and also the detected anisotropy 
of the cosmic microwave background (CMB) radiation 4], 

On the other hand, the inflationary scenario is supposed to be driven by a scalar field, and 
also this field can interact fundamentally with other fields, and in particular with the gravity. 
In this form, is normal to incorporate an explicit non-minimal coupling between the scalar 
field and the gravitational sector. The non-minimal coupling with the scalar Ricci, was in 
the beginning considered in radiation problems in Ref. 5], and also in the renormalization of 
the quantum fields in curved backgrounds, see Refs.jfi, 7]. It is well known, that scalar fields 
coupled with the curvature tensor arise in different dimensions jsl, and their importance on 


cosmological scenarios was studied for first time in Ref. jo| , together with Brans and Dicke 


[10|, although also early the non-minimal coupling of the scalar field was analyzed in Ref, jll]. 
In the context of the inflationary Universe, the non-minimal coupling 


Refs 


■0 


ras been considered in 
14], and several inflationary models in the literature 15|, [16]. In particular, Fakir 


and Unruh considered a new approach_of the chaotic model from the non-minimal coupling 
to the scalar curvature. Also, in Ref. ]1 t| considered the chaotic potential V ~ <p n (n > 4) 
for large <~p in the context to non-minimal coupling, and found different constraints on the 
parameter of non-minimal coupling £ (see also Ref. 18]). Recently, the consistency relation 
for chaotic inflation model with a non-minimal coupling to gravity was studied in Ref. 19J, 


and also a global stability analysis for cosmological models with non-minimally coupled 
scalar fields was considered in Ref. [20I] . 

On the other hand, in the context of the exact solutions, it can be obtained for instance 
from a constant potential, “ de Sitter” inflationary modelpj. Similarly, an exact solution 
can be found in the case of intermediate inflation model 2l|, however this inflationary model 
may be best considered from slow-roll analysis. In the same way, an exact solution during 
inflation can be achieved from an exponential potential during “power-law” inflation in the 
case of General Relativity. During the power law inflation, the scale factor is given by 
a(t) oc t p , where the constant p > 1 22], In the context of power law inflation with 11011 - 
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minimal coupling has been studied in Refs.jl4, dJ. For power law inflation with an effective 


potential V oc ip n with n > 6, was analyzed in Ref. 


jwj]. For this inflationary model, it can 


be found that only a very small range of t 


values of the parameter n (see also Refs. 


le values of the parameter £ is al 


23|, 


24]). Also, Futamase and Maeda 


owed for high 


17] considered 


a chaotic inflationary scenario in models having non-minimal coupling with curvature in the 
context of power law inflation. 

The main goal of the present work is to analyze the possible actualization of an expand¬ 
ing power law inflation within the framework of a non-minimal coupling with curvature, 
and how the exact and slow roll solutions works in this theory. We shall resort to the BI- 
CEP2 experiment data 25] and the Planck satellite 26] to constrain the parameters in both 
solutions. In particular, we obtain constraints on the fundamental coefficients in our model. 

The outline of the article is as follows. The next section presents the basic equations and 
the exact and slow roll solutions for our model. In Sect. Ill we determine the corresponding 
cosmological perturbations. Finally, in Sect. IV we summarize our finding. We chose units 
so that c = h = 1. 


II. BASIC EQUATIONS AND EXACT VERSUS SLOW ROLL SOLUTIONS 


We start with the action for non-minimal coupling to gravity in the Jordan frame 27] 


S — j d^x\[^g 


16 ^G + 5 ^) R + ~ 


(1) 


where G is the Newton 1 s gravitational constant, £ is a dimensionless coupling constant, R 
is the Ricci scalar and is the effective potential associated to the scalar field </?. In 

particular, for the value of the coupling constant £ = 0 corresponds to the minimal coupling, 
and for the specific case in which £ = 1/6 is related to as conformal coupling because the 
classical action possesses conformal invariance. Also, different constraints on the parameter 
£ can be found in the table of Ref. 28]. 

From the action given by Eq. (JT]) , the dynamics in a spatially flat Friedmann-Robertson- 
Walker (FRW) cosmological model, is described by the equations 


H 2 = 


3(1 +W) [^ + y -^ 


( 2 ) 
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(3) 


and 


H = 


87 tG 


1 + 87rG£<p 2 


+ £ <p*!-£{H<p<p~<p<p) 


V, v = 6 £<p{H + 2 H 2 ) - 3 HCp - Cp , 


(4) 


where H = a/a is the Hubble parameter and a the scale factor of the FRW metric. Dots 
means derivatives with respect to time and V ip = dV(cp)/dcp. 

In order to obtain an exact solution, we will assume the power law inflation, where the 
scale factor is characterized by a oc t p , in which p > 1. Here, the Hubble parameter H = a/a 
is given by H{t) = p/t. 

Replacing the scale factor a cx t p in the Eqs. (]2]) -(]4])., we find an exact solution for the 
scalar held, <p, given by 


= bt n - 7 , 


(5) 


where b, n and 7 are constants. For an exact solution of the scalar held, 7 is defined as 


7 2 = 


m: 


8v 


p 

? ’ 


( 6 ) 


where m p is the reduced Planck mass and is dehned as m 2 p = ( 87 tG) _ 1 . Also, in the following 
we will consider only negative value of the parameter £ . 

In order to obtain an exact solution, then the relations between p and £ with the exponent 
n of Eq.flH]), are given by 


p = 


and 


eh 


n — n 
2 + n ’ 

(2 + n)n 


(7) 

( 8 ) 


2[n 2 + 3n — 1] ’ 

Here, we note that the exponent n of the solution of the scalar held given by Eq.(l5]h is 
such that, n 7 ^ —2, n 7 ^ (—3 — \/l3)/2 ~ —3.3 and n 7 ^ (—3 + \/l3)/2 « 0.3. Considering 
that p > 1, we note from Eq.((7j), that the value of the parameter n, becomes —2 < n < 
1 — ~ —0.73 and n > 1 + \73 ~ 1.73. In order to obtain the real roots of Eq. (jHJ), we 

considering only the value of n < 0. In this form, we find that range for the parameter £ is 
given by 

-—P < £ < 0. (9) 

4 + h3 
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The Hubble parameter as a function of the scalar field from Eq.fl5il. becomes 


H(p) = pb™ (p + 7) « . 

From Eqs.(j2]) and (J5]) , the scalar potential as function of the scalar field results 

V (p) = 6™ (p + 7) 1 '" (Ap — 7 B), 
where the constants A and B are given by 


( 10 ) 


( 11 ) 


A = — 3 | £ | p(p + 2 n) — 


n 


2 ’ 


and 


B = -3 | £ | p 2 + 


n 


( 12 ) 


(13) 


From Eq. (JTTJ) we observe that the effective potential is V 4 0 for the value of p = 0, 
since E(0) = —Bb™ 7 s- ™. However, we note that the constant B is negative from the range 
of the parameter £, see Eq.()9]) , and then the effective potential becomes V(p = 0) >0 (see 
Refs. 14, 291 for other E(0) 4 0). 

In order to reproduce the present value of the Newton’s gravitational constant, we can 
write from Ref. 17], that G e ff = ( \- 2 . Here, G e // corresponds to the effective Newton’s 

1 — Vy 

7 

gravitational constant. By considering that G e // > 0, we observe that the scalar field is well 
supported by the condition | p |< -^= = 7, then the inflationary scenario can be realized 
in the region in which —7 < p < 7. 

In the following, we will study the power law solution in the slow roll conditions. Following 


Ref. 


30] the slow roll approximation are defined as II <7 H 2 and ip <C 3 Hip. In this form, 


the slow roll field equations from Eqs. (121) -(HI) can be written as 


H 2 ~ 


8v tG 


3(1 + 87 tG£p 2 ) 


(V{p}~6ZHpp), 


and 


3 Hp + V— l2S,p H 2 . 

Considering the power law expansion a oc we get 


(14) 


(15) 


<p(t) — bt 2 - 7, 


(16) 
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with 


V = 



-4>1, 


where the constant 7 as before is given by Eq.flhl). and during the slow roll approximation 
the value of |£| < 2/5. As before, since the Hubble parameter is H oc t~ 1 , we can eliminate 
t by using Eq. flTh]) . thus H((p) = pb~ l / 2 ((p + 7 ) 1 / 2 , and the effective potential results 


V(<p) = 3pb 1 |f | (^ + 7) 2 [7P + <^(4-p)]- (17) 

Here, we note that in the slow roll approximation, the solution for the scalar held is 
ip oc t ~ 2 (with the fixed value n = —2, see Eq. (l5|l ). and also the exact effective potential 
reduces to the cubical polynomial form as potential given by Eq. ffTTl) . 


III. COSMOLOGICAL PERTURBATIONS 


In this section we will analyze the scalar and tensor perturbations for our model. The 
general perturbation metric about the hat background is given by 

ds 2 = —(1 + 2<3 ))dt 2 + 2 a(t)Q }i dx l dt + a 2 (t)[( 1 — 2 ip)8ij + 2 E ti j + 2hij\dx l dx j , (18) 


where d>, 0, ijj and E represent to the scalar-type metric perturbations, and the tensor h t] 
corresponds the transverse traceless perturbation. 

On the other hand, the perturbation in the scalar held (p is specihed as ip(t,x ) = <p(t ) + 
5<p(t,x), where <p(t ) is the background scalar held that satishes the Eq.flJJ), and 6(p(t,x) is 
a small perturbation that represents small fluctuations of the corresponding scalar held. In 
this form, we introduce comoving curvature perturbations, given by |31] 


n = t , (19) 

ip' 

where now the Hubble parameter is defined as % = — and a prime denotes a derivative with 
respect to a conformal time dr] = a(t)~ 1 dt. 

From the action given by Eq. (JTj) , we hnd that the perturbed equations of motion are 
given by 




1 

2 F 


(f-QF'-'Hf + v'Stp), 


( 20 ) 
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'k - 4> = 


/ 

F ! 


( 21 ) 


and 


3"H 2 / + 2F(V 2 4' - 3'H['k / + H4>]) = -3 Uf + 3F'tf' + V 2 / + /<V (22) 

-<V 2 + 6$-HF' + a 2 V^, 

where F = F((^) = ( 87 tG ) _1 + t;ip 2 and / = SF = ( dF/dip)Sip. Also, we considering the 
longitudinal gauge in the perturbed metric (fTSlh where <h = $(f, x) and 'h = \l/(f,:r) are 
gauge-invariant variables introduced in Ref. [31]. 

Dehning two auxiliary functions; a = dhj 4 - yj ' 2 and /? — H + JJ, then using Eq. flTh]) . the 
equations ( 120 ]) . (l 2 Tj) . and ( 1221 ) can be written in the form 

V + Arfv + Si V + /m = o, (23) 

and 

n a 

C5(p' - 6F(3W + —- Cip'U + 2FV 2 TZ + 2FB l \7 2 5(f = 0, (24) 

Hi 

where A 1: Bi and C are given by Ai = ^ , Bi — — Jr and C = J-(6 F(3 2 — ck), 

respectively. 


Following Ref. 32[, the Eqs. (l23]) and (1241) can be decoupled, and then the equation of 
motion for the curvature perturbation becomes 


+ = °- with Q ‘ = J 


2 ’ 


(25) 


where k is a comoving wavenumber. Here, we note that the equation for the curvature 
perturbation given by Eq. (]24l) , coincides with the equation obtained in Ref. 33] • Introducing 
new variables, in which £ =_ay / Q7 and v = alZ, the above equation can be written as 
v" + ( k 2 — —)v = 0, see Ref. 34]. 


As argued in Refs. 


32 


341 ], the solution of the above equation can be expressed by the 


combination of the Hankel function, and the scalar density perturbation Vs , could be written 


as 




k\r]\ 


3—2 v a 


( 26 ) 


where A 2 S 


i(|0 2 (^) 2 [rM] 2 and v » = Vls + V 4 - Her e, 7s is dehned 


7s = 


> Lr(3/2) 

(1 + 5 S )(2 — e + 8 S ) 


as 


(1 — e Y 


where <5, = 


Q s 


2 HQ S 


and e = — 


H 

JP 
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The scalar spectral index ns is given by ns — 1 = • From Eq. (125|) . it follows that 

341 


ns 


= 4 - a/ 4y s + 1. 


(27) 


The spectrum of tensor perturbations, h tJ can be obtained in a similar way, since hij 
satisfies the equivalent form of Eq. (l25lh In this form, following Ref. 34] in the which Q s —> 
Qt = F, the power spectrum of the tensor modes Vt, can be written as 


V T = A 2 T 


k\v\ 


3—2 vt 


(28) 


where A ^ ^ ^) 2 ( v | ) 2 [ p [yj ) } 2 , and the parameters u T , and St are given by 


— /- , i / A (1 + <5t)(2 - e + S T ) a x Qt 

vt = v It + 1 /4, 7 t —- 7 ^-—-, and St — 


(1 — e ) 2 7 ~ 2 HQ t 

Here, the index of the tensor perturbation is given by n-r = 3 — yj A 7 ^ + 1. 

On the other hand, an essential observational quantity is the tensor to scalar ratio r, 
which is defined as r = Vt/Vs■ In this way, combining Eqs. ( 1201 ) and (12811 the tensor to 
scalar ratio is given by 


r = 


Qs 


TW 

2 

= 8 

UV.)J 



g+<y' 2 ' 

m + &r- 


£K) 

rw J 


(29) 


In this form, considering the power law inflation, i.e., a oc t p , and the exact solution for 
the scalar field given by Eq.flSD, then the scalar spectral index n s as a function of the scalar 
field <p can be written as 

ns{F) -1 = 3- (30) 

where 7 s (<p) is given by 

'(1 + 6 s (<p)) (2p — 1 + p5 8 (ip)Y 


with 




n 


7 s(<p) =P 


1 + (7 - <P) 


-1 


(P - !) 2 

67Tlp7 2 (p 


+ 


n"f(ip + 7) 


p |_ '' 1 ' \(p 2 (6m 2 — 7 2 ) + 7 4 P 7 — <p(p + n) 

Also, the tensor to scalar ratio r can be written in terms of the scalar field <p as 

2 n 


8 ri*_f p> 2 (Qm 2 — 7 2 ) + 7 4 I Tfcr) 

ml \ (P7 - (p{P + n )) 2 [r(i/ s ) 


( 31 ) 





































Here, we have considered Eqs.flH]) and (j29j) . 

In the slow-roll approximation, following Ref. 


34], the scalar spectral index is given by 


ns - 1 « -2(6 s + e), 


(32) 


and the tensor to scalar ratio r becomes 


16 


2 HF 


+ e 


(33) 


because during the slow roll approximation, | S s |< 1 and | 6t |< 1. Also, here we considered 


that r(i/ s ) ~ 

see also Refs. 


^( vt ) — r(3/2), since that both perturbations are close to scale invariant (341 ]. 


32 


, 35|. 


Under the slow roll approximation the quantity S s is given by 


5, = 


£ 


2KI-1L 


1 + (t -<p) 


-1 


Qrrii^ 2 Lp 


£ I 7(^ + 7) 


if 2 (6m 2 — y 2 ) + y 4 (1 — 2|£|)[7 — </?] + |£|y> 


Here, we have considered the slow-roll solution for the scalar held given by Eq. (lT6]) . 
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FIG. 1: Evolution of the tensor-scalar ratio r versus the scalar spectrum index n s , from the exact 
solution for three different values of the parameter £. The dotted, solid , and dashed lines are for 
the | £ |~ 0.10, | £ |~ 0.08 and | £ |~ 0.06, respectively. 

In Fig. (JT]) we show the evolution of the tensor-to-scalar ratio r on the scalar spectral index 
ns for three different values of £. Dotted, solid , and dashed lines are for the | £ |~ 0.10, 
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| £ |~ 0.08 and | £ |— 0.06, respectively. Here, we note that for the value of | £ |~ 0.10 
corresponds to n — —1.59 (or equivalently ip oc t -1,59 ) and p = 10.04 (or equivalently 
a oc t 10 ' 04 ), see Eqs. (O and (JH])• Analogously, for the value of | £ |~ 0.08 corresponds to 
n = —1.7 and p = 15.3 and for the value of | £ |~ 0.06 corresponds to n — —1.8 and 


p = 25.2. 

In this plot we show the two-dimensional marginalized constraints, at 68% and 95% levels 
of confidence, for the tensor-to-scalar ratio and the scalar spectral index (considered BICEP2 
experiment data [25] in connection with Planck + WP + highL). In order to write down 
values for the tensor-to-scalar ratio and the scalar spectral index, we numerically obtain 
the parametric plot of the consistency relation r = r(ns) considering Eqs. (I30H and (13 lj) . 
obtained from the exact solution for the scalar held given by Eq. (15|) . 

From this plot we find that the range for the parameter 0.08 < |£| < 0.10 (or equivalently 
—1.7 < n < —1.59 and 10.04 < p < 15.3 ), which is well supported from BICEP2 exper¬ 
iment. For values of |£| < 0.08 the model is rejected from BICEP2, because r = 0.21q;q 5 , 
and also r = 0 disproved at 7.0cr. Nevertheless, from Planck satellite and other CMB exper¬ 
iments generated exclusively an upper limit for the tensor -to- scalar ratio r, where r < 0.11 
(at 95% C.L.) 26]. Recently, the Planck Collaboration has made out the data concerning 
the polarized dust emission[36|]. From an analysis of the polarized thermal emissions from 
diffuse Galactic dust in different range of frequencies, indicates that BICEP2 gravitational 
wave data could be due to the dust contamination. Here, an elaborated study of Planck 
satellite and BICEP2 data would be demanded for a definitive answer. In this way, we 
numerically End that the parameter |£| < 0.10 is well supported by Planck satellite. Here, 
we note that this constraint of £ negative is similar to found in Ref. 28], where an effective 
potential V oc </? 4 has been studied. 

On the other hand, considering the slow roll approximation for the consistency relation 
r = r(n s ) from Eqs. (j32l) and (j33lh we observe that the slow roll model is disproved from 
observations; because the spectral index ns > 1, and then the model does not work from 
the slow roll analysis (figure not shown). Here, we noted that S s < 0, and then the spectral 
index ns during the slow roll approximation becomes ns > 1. 
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IV. CONCLUSIONS 


In this paper we have studied the power law inflation in the context of a non-minimally 
coupled scalar field. From the equations of motion and also in the slow roll approximation we 
have found exact and slow roll solutions for our model, during the power law expansion. In 
our model, we have obtained analytical expression for the corresponding effective potential, 
power spectrum, scalar spectrum index, and tensor- to-scalar ratio considering the exact 
solutions and slow roll analysis. From these measures, we have found constraint on the 
parameter |£| (or equivalently n and p) from BICEP2 experiment and Planck data, where 
we have studied the constraint on the consistency relation r = r(n s ). 

From the exact solution we have found a constraint for the value of the parameter |£|. 
In this form, from BICEP2 we have obtained an upper bound and a lower bound for the 
parameter |£| given by 0.08 < |£| < 0.10 (or equivalently —1.7 < n < —1.59 and 10.04 < 
p < 15.3 ). However, we have found that the parameter |£| < 0.10 is well supported by 
Planck data and other CMB experiments. Finally, we have observed during the slow-roll 
approximation, the model is disproved by observations, being that the spectral index ns > 1, 
and the model does not work from slow roll analysis. 
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